In the present work we consider geometrical aspects of the isomonodromic deformation of the sl(2) Fuchsian system on the Riemann sphere called the Schlesinger system. Our main instrument is the interpretation of the initial data space of the sl(2) Schlesinger system as a moduli space of the Frobenius-Hecke (FH-)sheaves originally introduced by V. Drinfeld. We perform the procedure of the separation of the variables in terms of the Hecke correspondences between these moduli spaces and in this way we present a geometrical interpretation of the recipe of E. Sklyanin and explain his formulas. Morover, we consider the compactification of the initial data space and investigate the geometry of the compactifying set in terms of FH-sheaves. At last we give another interpretation of the dynamics of the Schlesinger system as a deformation of the compactifying set and explain the role of the apparent singularities for the Fuchsian equations. To illustrate the demonstrated results and methods we give the example of the Schlesinger system with four singularities called the Painlevé-VI system.
Introduction
In this work we consider a system of isomonodromic deformation of the Fuchsian differential equation of order two with sl(2)-monodromies on the Riemann sphere P 1 ; this isomonodromic system is called the Schlesinger system. One can take a general Fuchsian differential equation of order two with singularities at S := {a 1 , . . . , a n } on P 1 and put it into an isomonodromic analytical family in the folowing way.
Suppose we are given the Fuchsian sytem of differential equations
with matrix coefficients B i ∈ Mat(N, C) and Y (z) is the fundamental solution of this system. Then consider
B i (a 1 , . . . , a n ) z − a i dz simultaneously with the (isomonodromic) condition for the coefficients {B i (a 1 , . . . , a n ), i = 1, . . . , n} dB i (a 1 , . . . , a n ) = [24] and later algebraic aspects were considered by H. Flashka and A. C. Newell [9] , M. Jimbo and T. Miwa (see [14] ). Geometrical aspects of the isomonodromic systems were thorougly investigated by H. Röhrl [22] , A. Bolibruch [1] , [4] , N. Hitchin [13] , D. Arinkin and S. Lysenko [2] , [3] in various senses.
For many applications it is useful to investigate the trace-zero matrix coefficients and herewith we consider the coefficients B i lying in sl(N )-orbits O i . Morover, we have the reasons (which we meniton further) to restrict ourselves with the case N = 2. In this paper we describe the fundamental matrix of our Fuchsian system of rank 2 in terms of horizontal sections of some rank 2 bundle L with respect to the logarithmic sl(2)-connection ∇ : L −→ L ⊗ Ω 1 P 1 (a 1 + . . . + a n ) with Res a i ∇ = B i on the Riemann sphere P 1 . In this way the main idea is to identify the symplectic quotient
with the initial data space and present it as a big cell of the coarse moduli space M n (2) of collections (L, ∇; φ : detL ≃ O P 1 ; λ 1 , ..., λ n ), of a rank 2 bundle L on P 1 with fixed determinant and a connection ∇ : L → L ⊗ Ω 1 P 1 (a 1 + . . . + a n ) such that the eigenvalues of the residues of the connection Res∇ = B i at a i , i = 1, . . . , n are {λ i , −λ i }. Let us note that in this work we consider only the coarse moduli spaces and assume that even if we omit the word "coarse".
Fixing the eigenvalues of the residues B i we fix the appropriate sl(2)-orbits. Each of the sl(2, C)-orbits is a 2-dimensional symplectic variety with the Kirilov-Costant form which in the coadjoint representation sl(2) → End (sl(2) * ), X → ad * X performed as
for any ξ ∈ sl(2) * . In this way the symplectic reduction of the direct product of SL(2, C)-orbits is a symplectic variety of a dimension dimM n = n · dimO i − 2dimSL(2, C) = 2(n − 3).
There is a natural and important question about the separation of the dynamical variables of our system and chosing the coordinates {x i , p i }, i = 1, . . . , n − 3 on the phase space M n . This problem was solved by E. Sklyanin for generic configurations of the system in terms of the Baker-Akhiezer ψ-function [25] , [26] . The geometric and analytic details of the ψ-function methods for more general systems are distinctly presented in the work [16] by I. Krichever. Let us outline briefly our scheme of investigating the Schlesinger system and compare it with the one in the classical works [25] , [26] .
First, let us note that we refuse from the assumption of the triviality of the bundle L but fix its determinant by the horizontal isomorphism φ : detL ≃ O. We consider the modili space M n (2) of pairs (L, ∇) with φ and with fixed eigenvalues of the residues of the connection and put the problem of its parametrisation. We solve this problem and give the geometric interpretation of the E. Sklyanin explicit formulas. For these reasons we have to put a notion of stability for our configurations. We discuss it and investigate the Schlesinger system for the (semi)stable configurations.
Second, let us note that E. Sklyanin gives a recipe for the separarion of the variables for the abitrary rank N of a trivial bundle L and in this paper we restrict ourselves with the case of rank 2. The moduli space M n (N ) contains locally closed strata M k (N ) related to the bundles L ≃ O(k) ⊕ O(−k) and E. Sklyanin gives his formulas for the big cell M 0 (N ). Our construction is also true for any rank N of L on the stratum M 0 (N ) but let us note that one should pay the attention to the cases N > 2 for the nontrivial bundles because on the strata M k (N ) for k = 0, N > 2 one meets the A. Bolibruch counterexamples to the Riemann-Hilbert correspondence; these are so called B-representations of the monodromy (see [1] , [4] ). In this paper we do not consider the B-represenattions of the monodromy; we restrict ourselves with the case N = 2 and give the parametrisation of the coarse moduli space M n (2).
Third, the Sklyanin procedure is given under the assumption that the coordinates {x 1 , . . . , x n−3 } on M n (2) are distinct and do not coinside with the singularities {a 1 , . . . , a n }. It is the most generic configuration of the coordinates corresponding to the exterior of the diagonals {x i = x j } and the divisors {x i = a j }. In this work we describe the behaviour of the system on the divisors {x i = a j } and show what obstacles arise on the diagonals. There are methods of resolution of the diagonals and this problem is completely solved (see [11] ); as an example and demonstration of these methods we give the resolution of the simplest case when only two coordinates coincide.
Our procedure of the separation of the variables provides the description of the initial data space M n (2) in terms of the (n − 3)-th symmetric power of the non-compact surface K n := Tot (P 1 , Ω( a i )) (see for example [18] ). Precisely, consider the compact surface K n = P(O⊕Ω( a i )) = s ∞ ⊔K n for s ∞ the infinite section and let
these are trivialized by R : F i ∼ → A 1 . Let us blow-up the surface K n at 2n points R −1 (±λ i ) ∈ F i and consider the non-compact surface
where F i are the preimages of the fibers F i , i = 1, . . . , n; then there is a map M n (2) −→ (K ′ n ) (n−3) := (K ′ n ) n−3 /S n−3 that is an isomorphism at a generic point. We are not given any order on the set of the variables {x i , p i }, i = 1, . . . , n − 3 and hence we have to consider either the quotient (K ′ n ) n−3 /S n−3 or the (n − 3)!-covering
the last is more convinient to use the symlectic structure. On the covering M n (2) we have a natural symplectic form
dx i ∧ dp i and it equips M n (2) with a structure of symplectic fibration.
In the fourth section we perform the compactification of the moduli space M n (2) with the set Θ n of dimension n − 3. We investigate the compactification in terms of FH-sheaves and our idea is the following. On the surface K n consider an algebraic curve C defined by the equation R(z, λ) = 0 for
the genus of C equals to the number n − 3 of the degres of freedom of our system. The curve C performs the symplectic fibration defined by ̟ on each K ′ n and, however, C is not preserved by the Schlesinger system. In this way it is natural and convinient to describe the geometry and particulary the compactification of the system in terms of C.
We descibe the curve C in terms of FH-sheaves and perform a natural compactification of the initial data space M n (2) with a degenerated model Θ n of the symmetric power of the curve C. Consider the surface K n , trivialized fibers F i , i = 1, . . . , n and the zero section s 0 on it; let {F i , s 0 } be the basis in the homology group H 2 (K n , Z). The intersection numbers are
besides, the intersection number of the curve C with the exceptional cycle s ∞ (the intersection number s ∞ · s ∞ = 2 − n) is zero and it is the topological invariant of the isomonodromic deformation. In this way we compactify the initial data space M n (2) with the set Θ n such that its components Θ (i) ⊂ K ′ n preserve the topological invariant and Θ (i) · s ∞ = 0. However, we present the compactifying set as a union of the symmetric product of the components Θ (i) and the diagonal components on the M n (2) defined by
In the final part of the paper we explain the role of the apparent singularities of the Fuchsian systems originally introduced in [10] (see also [1] and [4] ). Precisely, we identify the compactifying set Θ n with the moduli space of the collections
for some a ∈ S, where L Θn is the rank 2 bundle of degree 2 − n with the logarithmic connection ∇ Θn such that the eigenvalues of Res a i ∇ Θn are ( λ
We present the dynamical variables {x i , p i }, i = 1, . . . , n−3 of the isomonodromic deformation as the parameters of the Hecke correspondance between the moduli space Θ n and the moduli space
where L is a rank 2 bundle on P 1 with fixed horizontal isomorphism φ : detL ≃ O(−a 1 ) and with a connection ∇ with singularities at {a 1 , . . . , a n }; the eigenvalues of Res a i ∇ are (λ
. . , n. In terms of the connections
do not change the monodromy of the connection and the points x 1 , . . . , x n−3 are called the apparent singularities of the connection ∇. 
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Modificaitons of logarithmic sl(2)-connections
Originally the modifications appeared in the works of G. D. Birkhoff (see [5] ) as the transformations of the gauge type in the Riemann-Hilbert problem for singular integral equations. Later E. Hecke (see [12) used them as the corespondances between the modular curves and in the same time A. Weil in [32] described the classes of matrix divisors on a curve in terms of the generalized abelian functions (see also [30] ). Recently, general constructions of the modifications (the Frobenius-Hecke sheaves, or, "shtukas") were used by V. Drinfel for proving the Langlands' conjecture for GL(2) over global fields (see [6] , [7] ) and that have been entailed a profound understanding of the interplay between the geometrical representation theory and the differential equations. During the last years the modifications are widely used in mathematical physics for geometrical descriptions of different dynamical systems (see, for example, [4] , [31] , [8] , [17] , [15] ).
Let L be a rank 2 bundle on P 1 with a connection ∇ and suppose x ∈ P 1 . Denote V a fiber L| x and let l ⊂ V be a one-dimensional subspace. Assume that L is identified with the sheaf of its sections and consider the following modifications of L.
which are called the lower and the upper modification respectively. Let us denote the lower modification by L := (x , l) low (L) and consider the natural map L| x −→ L| x ; evidently its image is l.
However, the lower and the upper modifications imply the following exact sequences
respectively, where δ x is a sky-scraper sheaf with the support at x. Roughly speaking, if we have
In other words we change our bundle by rescalling the basis of sections in the neighbourhood of a point x; if the local basis is {s 1 (z ), s 2 (z )} with l ⊗O ≃ {s 1 (z )} and l ⊗O ≃ {s 2 (z )} then the basis of the lower modification (x, l) low of the bundle is generated by the sections {s 1 (z), (z − x )s 2 (z)}, and of the upper one (x, l) up by {(z − x ) −1 s 1 (z), s 2 (z)}. Consequently, in the punctured neighbourhood we may represent the action of modifications by the following glueing matrices.
Matrix presentation of the modifications is supposed to be quite obvious and further we widely use it. Now we discuss the action of modifications on sl(2)-connection with logarithmic singularities on the projective line P 1 and we need the following definition.
Definition.([23])
We say M is a module with a support S on the algebraic curve X if we have a finite set S = {a 1 , ..., a n } ⊂ X and a positive integer n i for each point a i from S. Sometimes we identify a module with the apropriate effective divisor n i · a i ; for our purposes we consider the module
Let us take a look how the modifications change the connection. Suppose we start from some sl(2)-connection ∇ on L and
that means that ∇ has simple poles at the support S of the module M. Denote the eigenspaces of Res x i ∇ ℓ ± i := ker (Res x i ∇ ∓ λ i ) and let us consider the modifications of our pair (L, ∇) in these subspaces. It is very important that we modify the pairs (L,
otherwise we rise the order of a pole of the connection. Indeed, using the matrix presentation let us wirte the action of the modification of the bundle in a noninvatiant subspace at z = 0:
where z is a local parameter. At first note that the lower and the upper modifications at any point x ∈ P 1 change the determinant
For example consider the lower modification L with the connection
on L and on the determinant bundle we get the connection
Let us perform pairs of the lower and the upper modifications at points a i and a j respectively to get the bundle L ′′ with the same determinant
for this purpose we have to fix a set of compatible isomorphisms
Nevertheless if we start from a sl(2)-connection ∇ then after such procedure we get the connection
where P * are the projectors on the apropriate Res∇-invariant subspaces; it is the gl(2)-connection. In order to get sl(2)-connection we have to add the suitable 1-form
For two points a i , a j ∈ S consider the modified SL(2)-bundle
with modified logarithmic connection ∇ ′′ defined above. In this way we get a nontrivial transformations of the coarse moduli space M n of rank 2 bundles with fixed horizontal isomorphism and logarithmic connection with fixed eigenvalues of residues on P 1 . Let us calculate the correspondance between the eigenvalues under the above isomorphism between such moduli spaces with different eigenvalues of the residues; precise statement is the following.
Proposal. Modified pair (L ′′ , ∇ ′′ ) is an element of the coarse moduli space M n . The eigenvalues of Res xα ∇ ′′ are
for the case of a pair of modifications at distinct points a i , a j ∈ S ; if a pair of modifications is at one point a k ∈ S then the eigenvalues are
Proof. The first part of the statement have been proved. Let us compare the eigenvalues of the residues of ∇ and modified connection ∇ ′′ .
therefore we get the shifts of eigenvalues
In the case of modifications at one point a k
we have zero 1-form ω kk hence the shift is long:
In this way we have the birational isomorphisms between the moduli spaces with different parameters, or, different initial data spaces and the group structure isomorphic to the affine Weyl group W ( C n ). For the more precise description of the discrete symmetries of our system and their presentations as relations between the solutions see [3] , [20] .
Separation of the variables
Let us describe our initial data following [2] and describe M n . Fix a collection λ 1 , . . . , λ n of complex numbers and the module M with the support S at distinct points a 1 , ..., a n on P 1 . As the group of projective automorphisms of the Riemann sphere is three-dimensional, it is natural to restrict ourselves with the case of n ≥ 3. Suppose L be a rank 2 bundle on P 1 with fixed horizontal isomorphism φ : det L ≃ O and with a connection ∇ with singularities at M = a i ; the eigenvalues of Res a i ∇ are (λ i , −λ i ), i = 1, . . . , n.
Stable bundles
Now let us discuss the definition of the stability of our configuration. We consider the moduli space of vector bundles of rank 2 equipped with additional structure that are the complete eigen-flags
We shall control the automorphisms of these constructions and demand their simplicity; precisely, if we fix the quasiparabolic structures l 1 , . . . , l n at points a i ∈ S then we demand
Particulary, we permanently control the pair (L, ∇) to be indecomposable to provide the stability. For these purposes we put the following eigenvalue-condition
which guarants the irreducibility of the pair "bundle L with the connection ∇" and implies the stability of this pair. Indeed, if we are given an invariant rank 1 subbundle
and Res a i ∇ 1 is an eigenvalue of Res a i ∇. In this way we get Res a i ∇ 1 = ±λ i but from the other hand Res a i ∇ 1 = −degL 1 ∈ Z contradicts to our eigenvalue-condition. Morover, let us note that our bundle L with trivial determinant is nontrivial in general and has the structure O(k) ⊕ O(−k). The value of k depends on n and it is defined by the stability of the construction in the following way. Let L 0 := O(k) be a subbundle then by irreducibility we have a non-zero map
We consider the moduli space of pairs (L, ∇) and looking after the automorphisms group of the pair. We demand Aut(L, ∇) = C and the sufficient condition for (L, ∇) is to be indecomposable and we assume that there are no ∇-invariant subbundles L 0 ⊂ L. Let us act in the following way. Take a unique subbundle L 0 ⊂ L and investigate the features of a (semi)stable element (L, ∇) ∈ M n (2) by means of its behaviour on the (non-invariant) unique subbundle. We have seen that for (L, ∇) ∈ M n our bundle L is O(k) ⊕ O(−k) for some k but, for example, if k = 0 and L ≃ O ⊕ O then there is no a given way to choose any unique subbundle. To provide this we have to modify our bundle. Take a point from S, say, a 1 and consider the bundle L := (a 1 , l
hence, we can choose a subbundle O(−k) passing through at least 2k + 1 from n lines l 
M ′ n (2) as a moduli space of FH-sheaves
The algebraic variety M n ≃ M ′ n is non-compact and consists of locally closed strata
indexed by k ′ . The maximal value of k ′ depends on if n is even or odd; if n is even then
2 and if n is odd then k ′ = n−3 2 . Let us fix an isomorphism L 0 ≃ O(y 1 + . . . + y k ′ ) for some y 1 , . . . , y k ′ ∈ P 1 and choose the connection ∇ 0 respectively to this isomorphism with k ′ simple poles precisly at y 1 , . . . ,
Let us restrict the connection on the subbundle L 0 and consider a map
In this way we get the maps
,
Using maps f k ′ we construct the maps from our moduli space M ′ n to the moduli space of the so-called Drinfeld FH-sheaves (see [6] , [7] )
where δ x i is a sky-scraper sheaf at the point x i .
A consrtuction from linear algebra
In terms of linear algebra our description of the stable pairs ( L, ∇) is nothing but a reconstruction of the trace-free operator
n by the first row B of the operator L and the eigenvalues of the residues. Let V 0 ⊂ V ≃ C 2 be a complete flag of vector spaces and let R 0 ∈ Hom(V 0 , V ). Lemma A. Let λ + = λ − ∈ C and put R := {R ∈ End (V ) such that R| V 0 = R 0 and the eigenvalues of R are
is bijective. Proof. Clearly, F is injective, so let us check the surjectivity. Denote for (l + , l − ) ∈ L the apropriate projectors P ± : V → V /l ± ≃ l ∓ and P + + P − = Id . The condition
One can make the similar calculations for the case l + = l − and proof the analogous statement. Lemma B. Let λ := λ + = λ − ∈ C and put R := {R ∈ End (V ) such that R| V 0 = R 0 and R has the only eigenvalue λ},
is bijective.
A map to
We have
and Id : O ֒→ L, hence, we get
Morover we have a decomposition
The n − 3 zeroes of B 12 are exactly the x i , i = 1, . . . , n − 3 coordinates on M ′ n . One can compare this calculation with the analogous result in the works [25] , [26] by E. Sklyanin; the (1 × 2)-matrix B(z) is exactly the entire part of the so-called ψ-function for our isomonodromic system (see also [16] ).
In this way we are given an exact sequence
where
)| x i are the one-dimensional subspaces and they are parametrized by the surface Tot (P 1 , Ω(M)). So we want to construct maps M ′ n (2) −→ Tot (P 1 , Ω(M)) and parametrize M ′ n (2) by {x i , p i }, i = 1, . . . , n − 3.
We should note that there is no a natural order in our array of A i , i = 1, . . . , n − 3 and we the action of the symmetric group S n−3 on our construction of M ′ n ; a change of the order of the upper modifications A i = (x i , p i ) up , i = 1, . . . , n − 3 induces the nontrivial automorphism of the Tot (P 1 , Ω(M)) n−3 . In this way there is no a map from M ′ n to Tot(P 1 , Ω(M)) n−3 but to the factor
But let as act in a different way. Consider the (n − 3)!-branched covering M ′ n of M ′ n and investigate an interplay between M ′ n and Tot (P 1 , Ω(M)) n−3 .
Description of the fibers
Let us analyse the behaviour of the map A when x i → a ∈ S. At each singular point a we have two conditions for the residue L a := Res a ∇ on its eigenvalues -
and we reconstruct the operator
and we have
We see that L 21 can have finite value only when p i = λ ± a and we have to calculate the value L 21 by a L'Hospital rule; in other words we make a blow-up process at this point.
Consider K n := Tot(P 1 , O ⊕ Ω(M)) with F a ⊂ K n the fibers over a ∈ P 1 and since
a (λ ± a ) and take
where F a are the preimages of the fibers F a ⊂ K n after the blow-up processes. Finally, we have a map
and let us investigate it more thoroughly. For n = 4 this map is isomorphism but, in general, one should not think that this map is injective or surjective; nevertheless, we shall see that it is an isomorphism at the generic point of M ′ n .
Descripiton of the diagonals
The problem of resolution of the diagonals is completely solved and one can find the explicit calculations in the paper [11] . Here we just illustrate what is happening on the diagonals and describe the case of coincidence of two points from x 1 , . . . , x n−3 . The modification of a bundle is a local procedure and the double modification at a point means that we have a four-dimensional vector space V := e 1 , e 2 ⊗ C(z)/(z 2 ) ≃ a, b, c, d with a nilpotent operator ⊗z and have to choose a two-dimensional subspace U ⊂ V invariant under ⊗z. We see that double modifications are parametrised by the degenerated quadric Q := {a · b = c · d} ⊂ P 3 and we have to blow up the point [0 : 0 : 0 : 0] that correspond to the subspace U 0 := e 1 ⊗ z, e 2 ⊗ z ⊂ V that vanishes by our nilpotent operator ⊗z : U 0 → {0}. In this way we have
Calculation of an affine space of the connections
Let us note that the above construction of the connection ∇ is not always uniquely. Precisely, for some open subset U ⊂ P 1 let us denote by C(U ) the set of all local connections ∇ = ∇ 0 − L(z) on U and if we have ∇, ∇ ′ ∈ C(U ) then E := ∇ − ∇ ′ is an element of
such that E| L 0 = 0 and tr E = 0; denote the set of such local homomorphisms by E(U ). Clearly, C is a E-torsor and the obstruction to the existence of global connection lies in H 1 (P 1 , E(M)) which by the Serre duality is dual to H 0 ({E ∈ End(L)|tr E = 0, E (a i )(l
In this way the global connection always exist but it is not unique. In our construction we recover the row (L 21 , −L 11 ) and
Let us describe what is happenning on each stratum.
On the stratum M 0 we have a diagram
For all x i we have im A(x i ) L 0 ≃ O, hence, all p i < ∞ and the map
is an isomorphism at a generic point (modulo the assumption that all x i are distinct).
The sheaf E ≃ Hom( L/ L 0 , L 0 ⊗ Ω) has a degree −1, hence, any E-torsor is trivial and we have the unique connection recovered by our procedure.
On the stratum M 1 we have
and if we have x i = y 1 for some i then we make the upper modification at the x i in the infinite direction and p i = ∞. Note that the case p i = ∞ corresponds to the point at infinity of K ′ n := P
(O ⊕ Ω(M)) and it means that the modification in (O ⊕ T (−M))| x i is performed in the direction of O| x i ⊂ (O ⊕ T (−M))| x i . In this way we have a map
and on this stratum we have a 2-dimensional affine space of the connections. On the stratum M k ′ we have
and on this stratum we have 2k ′ -dimensional affine space of the connections parametrized by L 21 .
Compactification and dynamics of the system
We have found the variables {x i , p i }, i = 1, . . . , n − 3 on the initial data space M n (2) and now let us investigate the compactification of M n (2) in terms of these variables. The moduli space M n (2) is the symmetric product of the surfaces
. . , n − 3 and in the same way the compactifying set Θ n contains the symmetric product of the divisors
where s ∞ is the infinite section P(O ⊕ Ω 1 (M)) \ Tot(Ω 1 (M) and F i are the preimages of the fibres singular points a 1 , . . . , a n . Note again, that to avoid the discussion of the resolution of the diagonals in the above symmetric products we can consider the (n − 3)!-covering
at generic points of the moduli space M n (2) and the compactifying set Θ n respectively.
On the covering M n (2) we are given the natural symplectic form
dx i ∧ dp i which defines a symplectic fibration on M n (2). In this way we compactify M n (2) with a singular leaf of this form and its dimension is exactly
In the following part of the section we give the two descriptions of the compactification. First we give the construction originally introduced by E. Study ([27] ) and further developed in many recent works (see [19] for details and more explicit references). Second, we give the construction of the FH-sheaves originally performed by V. Drinfeld ([6] , [7] ). We describe the compactification in terms of FH-sheaves and this construction gives the description of the compactifying set as a moduli space of FH-sheaves. 
Construction of the hinges
Let us investigate the limit points of the initial data space M n (2) and describe the behaviour of the isomonodromic deformation on the compactifying set Θ n . Our construction is to investigate the differential operator ∇ = ∂ z · 1 2 − L(z) by the behaviour of the first row (L 11 , L 12 ). We have
and {x 1 , . . . , x n−3 } is a set of zeroes of L 12 . In the neighbourhood of a point z = x i we have detA(x i ) = 0, which entails L 12 (x i ) = 0, L 11 (x i ) = p i ·dz. Besides, we have the conditions for the residues of the operator L(z) at points {a 1 , . . . , a n }; precisely, tr (Res a i L(z)) = 0 and
. . , n define us the element L 21 and, hence, the operator L(z) completely.
The asymptotics of L(z)
where O is the E. Landau symbol. Let us replace our differential operator ∇(z) with a pair (P, ∇ P ), such that
When p i → ∞ we have the two following pairs. For P = diag(p
Investigate the asymptotics of A i (z) and L(z) when x i −→ a ∈ S. We have 
. Multiply from the left on a matrix P µ := diag (µ, 1) and get
In this way we have two connections ∇ ′ P (z) = ∇ ′ Pµ (z) and ∇ ′′ P (z); precisely, the connection ∇ ′ P (z) is defined on the (n − 3)-th symmetric power of s ∞ + F 1 + . . . + F n and ∇ ′′ P (z) is defined on (s ∞ ) (n−3) . Morover, the corresponding operators L ′ (z) and L ′′ (z) = ∇ ′′ P (z) form a hinge.
The eigen-subspaces l
Res x=a i L 12
and at limit points they coincide with L 0 | a i ⊂ L| a i .
The FH-sheaves approach
Let us describe our compactificaiton in terms of FH-sheaves. To begin with, remind the description of the moduli space M n (2) as a subset in the moduli space of FH-sheaves; it is the following. Note, that all the moduli spaces considered here are coarse moduli spaces and we do not discuss here an interplay between the corresponding algebraic stacks. First, we present an isomorphism M n (2) 
the upper modification (a 1 , l − 1 ) up defines the inverse isomorphism. Second, the pair ( L, ∇) is irreducible and contains the unique subsheaf L 0 ⊂ L of degree k ′ = 0, . . . , n−4 2 . We fix a set of distinct points y 1 , . . . , y k ′ ∈ P 1 such that
and define a connection
Let us note that the moduli space M 1 is isomorphic to the (n − 3)-th symmetric power of a non-compact surface Tot (P 1 , Ω(M)) and the condition im(A) ⊂ L 0 ⊗ Ω(M) defines the (n − 3)-th symmetric power of an infinite section s ∞ . Third, let us identify the moduli space M ′ n (2) with the coarse moduli space of
such that only the conditions (i) and (ii) are satisfied then M 2 is isomorphic to the (n−3)-th symmetric power of the surface Bl λ ± Tot(P 1 , Ω(M)) obtained by the blowing up of K n := Tot(P 1 , Ω(M)) at 2n points (a i , λ ± ). It is the condition (iii) that defines the (n − 3)-th symmetric power of the union of the preimages of the fibers
Finally, consider moduli spaces of FH-sheaves originally introduced by V. Drinfeld. Definition. The Frobenius-Hecke sheaf (FH-sheaf) of level K (for an integer K) on P 1 is a flag of locally free sheaves F 0 ⊂ F on P 1 such that F/F 0 is isomorphic to a sum of sky-scraper sheaves δ x i with a K-dimensional space of sections. Note here that in generic situation all the points of the support supp(F/F 0 ) = {x 1 , . . . , x K } ⊂ P 1 are distinct and each sky-scraper sheaf δ x i has a one-dimensional space of sections. Between the moduli spaces of the FH-sheaves (F ′ 1 ⊂ F 1 ) and (F ′ 2 ⊂ F 2 ) of different levels K 1 and K 2 there are correspondances, called the Hecke correspondances. These correspondances are performed by the modifications of the locally free sheaves F ′ i , F i ; the upper modifications reduce the level and the lower ones rise it.
The moduli space M 1 is isomorphic to the moduli space of the FH-sheaves
of level n − 3. They both isomorphic to the (n − 3)-th symmetric power of the surface P(O ⊕ Ω(M)) and as we have seen a symmetric power of the blow up of the surface P(O ⊕ Ω(M)) gives us the compactification M ′ n (2) of our moduli space. In this way it is convinient to describe the compactifying set Θ n in terms of moduli spaces of FH-sheaves.
Geometry of the compactifying set
As we have seen the divisor Θ n is the coarse moduli space of (
and for each i defines the fibre F i . Altogether the conditions (2) imply (1) and the first condition means that all the subspaces l + i and l − i for i = 1, . . . , n coincide with L 0 | a i and define the (blow-up of the) intersection of all the fibers F i , i = 1, . . . , n. In this way the two conditions (1) and (2) define us a components
Consider the Hecke correspondance between our moduli space Θ n of FH-sheaves
In other words let us perform the n − 3 lower modifications of our bundle L of degree -1 at a point a ∈ {a 1 , . . . , a n } in the direction l + a = l − a . Precisely, on the component F i of each Θ (i) let us choose a = a i and on the component s ∞ take any (even distinct) n − 3 points of {a 1 , . . . , a n }. This choice guarants that after such n − 3 lower modifications we get the bundle O ⊕ T (−M) of degree 2 − n for the chosen directions
. Naturally, if we perform two modifications (say, i-th and (i + 1)-th) in the same point we get the component of the diagonal ∆ (i,i+1) and in this way we have an equality
Finally, the compactifying set of the moduli space M n (2) is
and it is isomorphic to the coarse moduli space of the collections
with the fixed eigenvalues of the rusidues of the connection, where L Θn is a bundle of degree 2 − n on P 1 with the horisontal isomorphism φ ′ : det L ′ ∼ → O(−a 1 − (n − 3)a) and the connection ∇ Θn with the following eigenvalues of the residues. At z = a 1 and z = a the residues Res∇ Θn have the eigenvalues (λ 1 , 1 − λ 1 ) and (λ a , (n − 3) − λ a ) respectively; at the other singularities a i for a i = a 1 , a i = a the eigenvalues are (λ i , −λ i ).
The connection ∇ Θn exists but it is not unique and let us calculate the dimension of the appropriate affine space. On the open subset U ⊂ P 1 denote C(U ) the set of all local connections
and tr E ′ = 0; let E Θn (U ) be the set of such morphisms E ′ . Hence, C has a natural structure of E Θn -torsorand the obstruction to the existence of a global connection lies in the group
by the Serre duality. We define our global connection by reconstructing the row (L 21 , −L 11 ) of the operator L(z) and the connection is parametrized by the element L 21 which lies in Hom( L Θn /O, O ⊗ Ω) ≃ E Θn . In this way
and the dimension of the affine space of the connection ∇ Θn on the bundle L Θn ≃ O ⊕ T (−M) equals to n − 3.
The dynamics of the sl(2) Schlesinger system
In the final part of the section let us present our dynamical variables {x i , p i }, i = 1, . . . , n− 3 as parameters of the Hecke correspondance between the the coarse moduli spaces Θ n and M ′ n (2). Precisely, consider the space of sections of the sheaf E Θn ≃ Hom( L Θn /O, O⊗Ω 1 P 1 ) on the moduli space Θ ′ n of the collections
Let us note here that the configuration ( L Θn ; l + 1 , . . . , l + n ) is semistable in our notation as we have
and hence Aut( L Θn ; l + 1 , . . . , l + n ) ≃ C. As we have seen the space of sections of the sheaf E Θn on Θ n has a dimension to (n−3)
that is exactly the dimension of the moduli space M ′ n (2). Take a set of distinct points {x 1 , . . . , x n−3 } ⊂ P 1 and a set of one-dimensional subspaces p i ⊂ L Θn | x i , i = 1, . . . , n − 3 and let us perform the modifications
where L is a rank 2 bundle of degree -1 on P 1 . As we have already seen that gives us a map from M ′ n (2) to the symmetric product (Tot(P 1 , Ω(M))) (n−3) at a generic point. Besides, choose the unique connection ∇ Θn (p 1 , . . . , p n−3 ) ∈ E Θn such that the subspaces p 1 , . . . , p n−3 are invariant for it. The modification of the connection is the following
for P p i the projectors on the invariant one-dimensional subspaces p 1 , . . . , p n−3 . Note that this correspondance is isomonodromic and the terms P p i dz z − x i do not change the monodromy of the connection and the points x 1 , . . . , x n−3 are called the apparent singularities of the connection ∇. Originally the apparent singularities were introduced in [10] by L. Fuchs; more detailed approach to the Fuchsian equations and systems one can find in the books [1] and [4] . In this way we interpret the Hecke correspondance between the moduli spaces Θ n and M ′ n (2) as the deformation of the singular symplectic leaf Θ n in the fibered space Tot(Θ n , E Θn ) performed by the modifications of the connection ∇ Θn with the apparent
. The dynamics at the singularities a 1 , . . . , a n is discrete and performed by the lattice C n ; for the calculations and applications to the relations between the solutions of the Fuchsian equations see the paper [20] .
An example: the Painlevé-VI system
Now we illustrate our construction of the separation of the variables on the simplest example of the sl(2)-Schlesinger system with four points called the sixth Painlevé system. In this section we suppose that L is a rank 2 vector bundle on P 1 with det L ≃ O and a logatithmic connection ∇ with the eigenvalues (λ i , −λ i ) of the residues at four singularities a i , i = 1, .., 4. So we have a module M = a i and modulo projective transformations of P 1 by the three-dimensional group P GL(2, C) we can suppose M = 0 + 1 + t + ∞, where We take the suitable coordinates using our geometric interpretation of the Schlesinger system following [2] . First consider a moduli space of quasiparabolic bundles N 4 , precisely, the moduli space of the collections
where L is a rank 2 bundle with a horizontal isomorphism φ and l i ⊂ L| a i are onedimensional subspaces; there is a canonical surjection
The motivation for this map is the following. Each SL(2, C)-orbit O has a structure of an affinisation of the cotangent bundle over complete flags F ≃ (C 1 ⊂ C 2 ) and a big cell of the moduli space of quasiparabolic bundles N n has a structure of an algebraic variety
Geometry of N 4 (2)
and when r(α, β, γ, δ) → t = r (a 1 , a 2 , a 3 , a 4 ) then l 4 → l 1 . Analogous calculation with the pair of modifications (a 1 , l 1 ) up (a 4 , l 4 ) low shows that the case l 2 → l 3 gives the same value x = t and henceforward this value corresponds to the two different nontrivial quasiparabolic bundles and finally we have the following Statement. N 4 is isomorphic to the two copies of P 1 glued outside {0, 1, t, ∞}. The action of the pairs of modifications on N 4 is evident and it presents the affine D 4 lattice.
Geometry of M 4 (2)
Let us describe the geometry of the moduli space of the collections
where L is a rank 2 vector bundle with the fixed holomorphic structure φ on the determinant and ∇ is a logarithmic connection with the fixed eigenvalues of the residues at the points of the support S of the module M = 0 + 1 + t + ∞ at P 1 ; besides we put the eigenvalue condition
which guarants the irreducibility of our pair (L, ∇). The above investigations of N 4 show that the bundle L can be non trivial but the ideas of stability of our pair (L, ∇)
give that neither of the eigen vectors l 
In this way we get a uniquely defined subbundle L ⊃ L 0 ≃ O with the standart connection ∂ z . Restrict our connection to the subbundle and consider the operator
or, as our pair is irredusible and Im(
The determinant det A(z) has a simple pole at some point x and, morover, A(z) = (x, p) up ; the variables x and p are the canonical coordinates on the two-dimensional phase space M 4 of our Schlesinger system. The surface M 4 is noncompact and has a structure of a fibered space over the N 4 and we calculate this projeciton in teh end of this paragraph. Let us note that the cohomological calculations are simple in our case and
Let us perform some explicit calculations to illustrate the behaviour of our system. First of all, we have
Let us describe the map π : M 4 ։ N 4 in coordinates x and p. The eigen-vectors l
and N 4 is parametrized by the coordinate
Geometry of the Painlevé-VI system
As we have seen the moduli space M ′ 4 (2) is the non-compact surface
P 1 0 1 t ∞
Tot(O) ⊕ Ω(4))
such that p < ∞ and if x = a ∈ S then p = λ ± a . As we are given the variables we have a symplectic form ̟ = dx∧dp on P(O ⊕Ω4) and let us see its behaviour when x ∈ S. At singularities of the connection the dynamics is discrete and performed by the lattice F 4 . We blow-up eight points (x, p) = (a, λ ± a ), a ∈ S on the surface P(O⊕Ω4) and locally this procedure performed by p = s·x for s a coordinate on the exceptional divisor. Then we remove four fibers F a := {a, p} ⊂ P(O ⊕ Ω4) and in this way at x = a we have two exceptional curves with ds = dp x − s · dx x .
The compactifying set is exactly the divisor of poles of the symplectic form ̟ = dx∧dp and it performs a degeneration of an elliptic curve C. The divisor is The right two arrows → ← denote the action of the action of discrete F 4 -symmetries (see [3] , [20] ) and the left arrow Let us note here that the connection ∇ Θn is not uniquely defined. Such connections on the bundle O ⊕ O(−2) form a one-dimensional affine space and we choose uniquely the connection ∇ Θn (p) for which the direction p is invariant; otherwise, as it was shown we can get the quadratic pole of ∇ at z = x.
The term P p dz z − x does not change the monodromy of the connections and however the simple pole at z = x is called the apparent singular point for the appropriate Fuchsian system. In this way we perform the isomonomic system Painlevé-VI as the deformation of the moduli space Θ 4 by the Hecke correspondance (x, p) up .
For the interpretation the Painlevé-VI system as a deformation of the compactifying divisor in terms of the Kodaira-Spencer theory see [28] and [29] .
